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The effectiveness of a Computer Numerical Control (CNC) 
machine tool to produce high precision products is significantly 
dependent on the contouring accuracy of the individual axes. 
The motion accuracy of such machines is influenced by the Stick-
Slip Friction (SSF) between two sliding bodies. In this study, a 
contact force model employing relative coordinate systems for 
Multi-Body Dynamic (MBD) systems is used to model and 
simulate contact conditions at the sliding surfaces of CNC 
machine tools. MBD formulations and smooth SSF force model 
parameters in MBD are first explored. Then, computational 
simulations that combine MBD simulation and control system 
are performed on a three axes CNC machine tool model with a 
pure Proportional-Integral-Derivative (PID) controller to 
illustrate the proposed method. In the numerical simulations, 
the displacement of the moving part and the driving force of the 
controller are considered in cases of no friction, friction without 
stiction effect (sliding friction), and stick-slip friction. From 
these conditions, the influence of the friction on the sliding 
stability of the controller and the motion accuracy of the 
machine tool are analyzed and predicted. The results show that 
the controller must produce a higher driving force to control the 
MBD model when stiction occurs. The performances of the 
machine under different working conditions are also 
implemented to prove the use of embedding the smooth SSF 
model in co-simulate an MBD model with the control system. 
Hence, the main purpose of this research paper is to propose a 
computational co-simulation tool that can help the R&D 
engineers or scholars in considering SSF characteristics when 
analyzing and designing a machine tool. 
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1.0 INTRODUCTION 
Stick-slip contact phenomena in MBD systems have been widely studied for decades. Chatelet 

et al. (2008) presented rheological models and restoring force models to predict dynamic 
behaviors of mechanical structures with effects of dry friction. These models were applied to 
analyze stick-slip phenomena encountered in a belt tensioner automotive system and a cantilever 
beam. They proved that choosing an appropriate contact model depended on the levels and scales 
of the contact condition. Pennestri et al. (2015) reviewed and compared eight kinds of friction 
force model for mechanical systems. Recently, Haug (2018) used a continuous Coulomb friction 
to formulate and analyze spatial MBD systems with friction and stiction effects.  

One of the typical MBD models in mechanical engineering industry is a CNC machine tool. The 
motion accuracy and the stability of controllers for CNC machine tools are affected by friction 
force at the sliding interfaces between two bodies of such machines. The dry (Coulomb) friction 
at the sliding surfaces is a significant source to reduce the contouring accuracy. Stick state occurs 
when the Coulomb friction appears as a resistance against the beginning of motion from 
equilibrium. In slip state, the manifestation of friction is defined as a resistive force against 
existing motion. The friction resistance is a constraining force in the stick state and applied force 
in the slip state. When the worktables of machine tools are in motion at slow speed, both stick-
slip phenomena happen to result in a jerk motion instead of sliding smoothly. Stick-slip motion at 
slideways of the machine tools was simulated by employing a mathematical model of two-degree 
of freedom system as mentioned in Bilkay and Anlagan (2004) 

In order to investigate the influence of the SSF at contact interfaces on motion accuracy of 
machine tools, many different methods have been used in previous research. Tarng and Cheng 
(1995) evaluated the contouring accuracy by using the circular test. Kono et al. (2013) proposed 
the stiffness model that applies the spring-damper systems to set in the normal and tangential 
directions of a contact interface. The Coulomb friction model has also been widely used to analysis 
contact force between two moving bodies in the previous study as Sun et al. (2017), Jeaon and 
Tomizuka (2008). However, these friction force models have significant nonlinearity and 
instability in numerical simulations because they cannot represent the stick state when the 
relative velocity between two contacting bodies equals to zero value. This problem was solved by 
Cha et al. (2011). They proposed a new SSF force algorithm and defined the stiction deformation 
parameter that was applied in MBD simulation. In this model, a displacement function is specified 
to represent the state of friction force when stiction occurs. Taking the advantages of Cha’s friction 
force model, this model is therefore employed to consider friction effects on the accuracy of a 
controller on the machine tools. 

 
The rest of this paper is organized as follows. A brief review of MBD formulations and a contact 

analysis algorithm employed in this study are introduced in Sections 2 and Section 3. Then, 
Section 4 presents numerical simulations to consider the influence of the friction characteristics 
on the stable of a PID controller that controls the movement of the table of a CNC machine tool 
along the saddle with the desired motion. Finally, Section 5 summarizes the obtained results and 
future works.   
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2.0 EXPERIMENTAL PROCEDURE 
 
2.1 MBD formulation 

This study used the MBD formulation that was described well by Bae et al. (2001) to compute 
the kinematics and dynamics of two adjacent bodies. The kinematics relationship between two 
contacting bodies are determined by the kinematics of joints that connect the two bodies as 
dedicated in Figure 1. This figure demonstrates the computational equivalence between the 
recursive method and velocity transformation method.  

 

 
Figure 1: The coordinate systems and kinematic notations of two adjacent flexible bodies.  
 
The (X, Y, Z) and (X’, Y’, Z’) coordinate systems are represented for the inertial reference and 

local coordinates, respectively. Based on the relative coordinates and recursive formulations, the 
equations of motion that define the kinematics relationship between the two bodies are specified. 
The velocities which include translational and rotational motion of the origin of local coordinate 
with respect to the global coordinate are described by Shabana (2005): 

 
[�̇� 𝝎]𝑇 (1) 

and its virtual displacements are 
[𝛿𝒓 𝛿𝝅]𝑇 (2) 

 
Then, their corresponding quantities are written in the local coordinate as 

𝑽 = [�̇�′ 𝝎′]𝑇 = [𝑨𝑻�̇� 𝑨𝑇𝝎]𝑇 (3) 

 
𝛿𝑽 = [𝛿𝒓′ 𝛿𝝅′]𝑇 = [𝑨𝑇𝛿𝒓 𝑨𝑇𝛿𝝅]𝑇 (4) 

Where V is a combined matrix of translational and angular velocities, and A is the transformation 
matrix that specifies the position and orientation of the local coordinate with respect to the global 
coordinate. From the recursive formulations, the position of the origin of body coordinate (Oi+1) 
that is attached on the action body of the contact pair with respect to the inertial reference 
coordinate is computed as follows:  

𝒓[𝑖+1] = 𝒓𝑖 + 𝒔𝑖,[𝑖+1] + 𝒅𝑖,[𝑖+1] − 𝒔[𝑖+1],𝑖 (5) 
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The rotational velocity of the action body [i+1] relates to the body coordinate (Xi+1
′ , Yi+1

′ , Zi+1
′ ) 

  

𝝎[𝑖+1]
′ = 𝑨𝑖,[𝑖+1]

𝑇 𝝎𝑖
′ + 𝑨𝑖,[𝑖+1]

𝑇 𝑯𝑖,[𝑖+1]
′ �̇�𝑖,[𝑖+1] (6) 

 
Where 𝑨𝑖,[𝑖+1] = 𝑨𝑖

𝑇𝑨[𝑖+1] , H is determined by the axis of rotation. Differentiation of Eq. 

Error! Reference source not found., using Eq. Error! Reference source not found., we can 
obtain 

 
,[ 1]
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Where qi,[i+1] and �̇�𝑖,[𝑖+1] are the relative coordinate vector and relatively generalized velocities, 

respectively. The notations with tildes represent for skew-symmetric matrices. The translational 

velocity of the action body [i+1] with respect to (Xi+1
′ , Yi+1

′ , Zi+1
′ )coordinate is calculated as below: 
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(8) 

The recursive velocity and virtual kinematic relationship for two contiguous bodies [i, i+1] are 
specified by combining Eq. Error! Reference source not found. and Eq. 
Error! Reference source not found. as 
 

𝑽[𝑖+1] = 𝑩𝑖,[𝑖+1]
1 𝑽𝑖 + 𝑩𝑖,[𝑖+1]

2 �̇�𝑖,[𝑖+1] (9) 

Where 𝑩𝑖,[𝑖+1]
1  and 𝑩𝑖,[𝑖+1]

2  are defined as follows 
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(10) 

𝑩𝑖,[𝑖+1]
2 = [

𝑨𝑖,[𝑖+1]
𝑇 𝟎

𝟎 𝑨𝑖,[𝑖+1]
𝑇 ] [

𝑰 (𝒅𝑖,[𝑖+1]
′ )

𝑞𝑖,[𝑖+1]
+ 𝑨𝑖,[𝑖+1]�̃�[𝑖+1],𝑖

′ 𝑨𝑖,[𝑖+1]
𝑇 𝑯𝑖,[𝑖+1]

′

𝟎 𝑰
] 

(11) 

Then, the recursive virtual displacement relationship is also obtained as following 
 

𝛿𝑽[𝑖+1] = 𝑩𝑖,[𝑖+1]
1 𝛿𝑽𝑖 + 𝑩𝑖,[𝑖+1]

2 𝛿𝒒𝑖,[𝑖+1] (12) 

The relative velocity between two adjacent bodies [i, i+1] is determined by using equations (9) 
- (11). After that, these equations are also applied to define the direction and magnitude of friction 
force based on the sign of the relative velocity at the contacting point of the contact pair. From the 
kinematic relation between two adjacent bodies, the virtual work done by a Cartesian force vector 
F can be described as: 

𝛿𝑾 = 𝛿𝑽𝑇𝑭  (13) 

Where δV is kinematically admissible for all joint. And δV=Bδq, then 
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𝛿𝑾 = 𝛿𝒒𝑇𝑩𝑇𝑭 = 𝛿𝒒𝑇𝑭∗ (14) 

Furthermore, F*=BTF so that the equation can be written in the following form 

𝛿𝑾 = ∑ 𝛿𝒒𝑖(𝑖+1)
𝑇 𝑭𝑖(𝑖+1)

∗

𝑛−1

𝑖=0

 
(15) 

Where n is the number of bodies in the kinematic chain. With the mentioned formulation and 
generalization of the recursive algorithm, the velocities and Cartesian forces of all bodies in 
coordinate systems are solved effectively in computational calculation.  
 
2.2 Normal contact force 

Contact force of MBD system can be represented by two parts such as a normal force and a 
friction force with stick and slip states. Two contacting bodies of a multibody chain are 
respectively considered as an action body and a base body. In three-dimensional space, a base 
contact surface coordinate (Xb, Yb, Zb) attached on the base body and a contact reference 
coordinate (Xc, Yc, Zc) in global space are specified to define contact conditions as shown in Figure 
2. This figure shows the coordinate systems and contact parameters to calculate contact normal 
and contact friction forces.  

 

 
Figure 2: Kinematic relations of the contact force model between the base and action bodies.  

 
The contact normal force’s direction is determined from the contacting point to the origin of 

the action body coordinate (Yc axis), and its magnitude is computed by a penetration depth (xp). 
The orientation of the velocity (v) is defined as the Xc axis of the contact reference frame and the 
value of v is measured on the contact point. The normal contact force is written as the function of 
penetration depth (xp) and time differentiation of xp: 

 
𝐹𝑛 = −𝑘𝑥𝑝

𝑚 − 𝑐𝑥𝑝
𝑛�̇�𝑝 (16) 

Where Fn and 𝑥�̇� are contact normal force and penetration velocity, respectively. k and c are a 

stiffness and damping coefficients, m and n are stiffness and damping exponents which are 
specified from experimental method.  
 
2.3 Contact stick-slip friction force 

A stick-slip algorithm in contact force model for MBD that was introduced by Cha et al. Error! 
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Reference source not found. is applied in this research. With this algorithm, the SSF force model 
can create the friction force during stick state through a displacement value which is the stiction 
deformation (χ) as shown in Figure 3. An example of smooth SSF model is illustrated in Figure 4. 
In this model, static friction coefficient (μs) is assumed to be the same as kinetic friction coefficient 
(μd), and static threshold velocity (νs) is equal to dynamic threshold velocity (νd). The dynamic 
behaviors of the SSF force model can be express as follows: 

 
𝐹𝑓 = 𝐹𝑠𝑡𝑖𝑐𝑡𝑖𝑜𝑛 + 𝐹𝑠𝑙𝑖𝑑𝑖𝑛𝑔 = − 𝑠𝑔𝑛(𝑣) 𝜇𝑡𝑜𝑡𝑎𝑙𝐹𝑛 (17) 

Where μtotal is the total friction coefficient, and v is the relative velocity of two bodies on the 
contact position, respectively.  
 

 
Figure 3: The stiction deformation defined (Cha et al., 2011).  

 

 
Figure 4: The relationship between stick-slip friction coefficient and the relative velocity at 
contacting point.  
 

From Eq. Error! Reference source not found., the direction of friction force depends on the 
sign of the relative velocity between the base and action bodies at contact point. The stiction and 
sliding forces (Fstiction and Fsliding) are calculated by the following equation: 
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𝐹𝑠𝑡𝑖𝑐𝑡𝑖𝑜𝑛 = − 𝑠𝑔𝑛(𝜒) (1 − 𝛽)𝜇𝜒(𝑣, 𝜒)𝐹𝑛 (18) 

𝐹𝑠𝑙𝑖𝑑𝑖𝑛𝑔 = − 𝑠𝑔𝑛(𝑣) 𝜇𝑣(𝑣)𝐹𝑛 (19) 

Where β is called the weighting value of SSF, the states of stick and slip friction force are 
represented by stiction friction coefficient (μχ) and slip friction coefficient (μν). These parameters 
are calculated by using step function as shown in Table 1. In the table, χ is stiction deformation 
and its maximum value (χmax) is the distance that the contact surfaces move from each other when 
the coefficient of friction transitions from a value of zero to the static coefficient of friction. If the 
χ is equal or greater than χmax, the friction force value is defined by the static friction force |μsFn| 
depending on the weighting value β. The stiction friction force becomes zero at slip state. Although 
the relative velocity reaches to zero, the friction force still has a positive or negative value when 
the stiction deformation is not equal to zero.  
 

Table 1: Parameters for the stick-slip friction force model (2017). 

State Slip Stick 

𝝊 |𝝊| > 𝝊𝒕 |𝝊| > 𝝊𝒕 

𝜷 1.0 𝒔𝒕𝒆𝒑(|𝝊|, −𝝊𝒕, −𝟏. 𝟎, 𝝊𝒕, 𝟏. 𝟎) 

𝝁𝝌 0.0 𝒔𝒕𝒆𝒑(|𝝌|, −𝝌𝒕𝒕𝒎𝒂𝒙𝒎𝒂𝒙
) 

𝝁𝝊 𝝁𝒕 𝒔𝒕𝒆𝒑(|𝝊|, −𝒗𝒕, −𝝁𝒕, 𝒗𝒕, 𝝁𝒕) 

𝑭𝒇 𝑭𝒔𝒍𝒊𝒅𝒊𝒏𝒈 𝑭𝒔𝒍𝒊𝒅𝒊𝒏𝒈 + 𝑭𝒔𝒕𝒊𝒄𝒕𝒊𝒐𝒏 

 
 
3.0 RESULTS AND DISCUSSION 
 
3.1 CNC machine modeling by MBD theory 

A numerical simulation is performed on a three axes CNC machine tool to examine the effects 
of SSF force on the sliding stability of controlled MBD systems. As shown in Figure 5, the machine’s 
basic structure is composed of a column, machine base, saddle (X-axis), table (Y-axis) and a 
spindle head (Z-axis). Based on the theory of MBD, each part of the machine is described as an 
arbitrary body with a generalized coordinate system attached on. The displacement of the table 
along the saddle can be modeled as a mass moving along the surface with friction as indicated in 
Figure 6. A spring-damper system is set in the normal direction of the contacting surface to 
demonstrate the contact normal force. In order to consider the influence of friction force on the 
sliding stability of the CNC machine tool, a PID controller is designed to control the input force 
that drives the table follow a desired displacement as shown in Figure 7.  

 
 
 

From that, the motion equation of the system is defined as: 
𝑚�̈�(𝑡) = 𝑢(𝑡) − 𝐹𝑓(𝑡) (20) 
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where m and x (t) are the mass and acceleration of the worktable, respectively. Ff (t) is friction 
force with stick and slip states as mentioned in the previous section. u(t) is the output of the PID 
controller, and computed as below 

𝑢(𝑡) = 𝐾𝑝(𝑥𝑑(𝑡) − 𝑥(𝑡)) + 𝐾𝑑(�̇�𝑑(𝑡) − �̇�(𝑡)) + 𝐾𝑖 ∫ (𝑥𝑑(𝑡) − 𝑥(𝑡))
𝑡

𝑡0

 
(21) 

Where xd(t) and x(t) are desired and actual displacement of the table with respect to time, 
respectively. Kp, Ki, Kd are the parameters of the controller.  

 
Figure 5: The coordinate systems and MBD model of a three axes CNC machine tool. 

 

 
Figure 6: The table moves along the saddle with frictional contact and controlled by a PID 
controller.  

 
Figure 7: Diagram of PID controller for controlling the table part. 

 
A co-simulation in RecurDyn software (2017) is implemented on the machine to exchange the 

data between an MBD model with a control system as illustrated in Figure 8. The output value 
from control interface is the plant input of MBD model which is driving force. The plant output of 
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the MBD model is defined by displacement and velocity of the table. A translational joint is created 
in the MBD model to translate the table along the horizontal direction. The worktable and saddle 
are referred as the action and base bodies in the contact force model of MBD system. The 
kinematics relation between the saddle and the worktable are specified by the reference 
coordinates attached to these bodies. For sliding motion, the coefficient of friction computed 
during the simulation is a function of the relative velocity between two contacting bodies.  
 

 
Figure 8: Co-simulation between MBD model and control system.  

 
Three states of the friction which are no friction, friction without stiction effect (sliding 

friction), and friction with stiction effect (stick-slip friction) will be investigated in this study. A 
pure PID controller is designed to control the table follow a desired trajectory as represented in 
Figure 9. The proportional, integral, and derivative values (Kp, Ki, Kd) are obtained from a 
numerical optimization algorithm which uses the augmented Lagrange multiplier method to solve 
the approximate optimization problem. The optimization values of PID parameters (Kp=105, 
Ki=10, Kd =150) are chosen as the acceptable designs in range of 0 to 1000 for each parameter. 
 

 
Figure 9: Control block for a pure PID controller in numerical simulation software. 

 
The command displacement of the worktable is supposed to follow a sine function, xd= 

300*sin(pi/2*TIME), as shown in Figure 10. The driving force is controlled by the PID controller. 
Parameters of the SSF used in our numerical simulation model are demonstrated in Table 2. By 
performing dynamic simulation, Figure 11 indicates the position of the table at critical points. The 
relative velocity of the table to the saddle is obtained as shown in Figure 12. In this figure, the 
relative velocity equals to zero at time 1s, 3s, 5s, and 7s. As it can easily be seen from Figure 12 
and Figure 13, SSF force is non-zero at zero relative velocity and the sign of friction force depends 
on the relative velocity. Stick-slip phenomenon occurs in the region of zero velocity as shown in 
Figure 13 (a), and no stick effect is seen in Figure 13 (b).  
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Figure 10: The desired value of control system. 

 
Table 2: Numerical simulation model parameters. 

Parameters Value 

Mass of the table (kg) 792.74 

Contact damping coefficient (N.s/mm) 0.03 

Spring coefficient k (N/mm) 9.8E4 

Static friction coefficient μs 0.3 

Dynamic friction coefficient μd 0.3 

Stiffness exponent m 1.0 

Damping exponent n 1.0 

Absolute threshold velocity νt (mm/s) 100 

Maximum stiction deformation χmax (mm) 1 

 

 
(a) Initial point 

 
(b) Time = 1s, 5s 

 
(c) Time = 3s, 7s 

 
Figure 11: The position of the table at critical points. 
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Figure 12: The relative velocity of the table to the saddle. 

 

 
 

(a) (b) 
Figure 13: Friction force with (a) and without (b) stiction effect. Stick-slip friction is non-zero at 
zero relative velocity.  
 

 
Figure 14: Displacement of the table in case of no friction and stick-slip friction compared with 
the desired value.  
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Figure 15: Error value between the desired and actual displacement of the table in case of no 
friction, sliding friction, and stick-slip friction.  
 

 
Figure 16: Input control force in case of no friction, sliding friction, and stick-slip friction.  

 
The vibration of the moving part caused by SSF can reduce the accuracy of cutting process. In 

Figure 14, the displacement of the table along the saddle without friction effect has small error 
compared with the desired value. Error values between the desired and real displacement of the 
table under the three states of friction are indicated in Figure 15. It can be noted that the 
appearance of friction with stick effect giving rise to indexing errors. When the SSF occurs, the 
origin PID controller’s parameters cannot make the worktable follow the desired trajectory. 
Therefore, a compensator is needed to compensate for the vibration caused by the stick-slip 
friction. The comparison of the input control force of the PID controller in case of no friction, 
sliding friction, and SSF are demonstrated in Figure 16. In the case of SSF force, the absolute value 
of input control force is higher than that of the other two cases. Thus, the friction force with 
stiction effect has a major influence on the stable of the controller. 

In order to simulate the performance of the machine tool under different working conditions, 
a body with 300 kg weight is attached to the table as shown in Figure 17. Assuming that the 
machine cuts the body into two parts by moving the table backward and forward. At the same SSF 
characteristics, the error between the desired and actual values increases in case of cutting the 
object as shown in Figure 18. From Figure 19, the controller must produce higher driving force to 
translate the table when the machine is in cutting process. Therefore, the results obtained in this 
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simulation proved that the proposed SSF force embedded in MBD system simulation has a good 
agreement with the MBD and control theories.  

 

 
Figure 17: The CNC machine is cutting a 300kg rectangle body. 

 

 
Figure 18: Error value between the desired and actual displacements of the table in case of load 
and no load acting on it.  
 

 
Figure 19: Comparing of the input control force in case of no load and load acting on the table.  
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4.0 CONCLUSION 
In this paper, a development of the SSF force model which involves the stiction deformation to 

represent the state of stiction was explored to solve the nonlinearity and instability of friction 
force in numerical simulations. The influence of the SSF on the stable of the PID controller that 
controls the table moving along the saddle of CNC machine tools with the desired trajectory was 
also evaluated. Hence, the quality of a machine tool in cutting process can be predicted by 
performing numerical co-simulation in this research. The motion accuracy that depends on the 
stable of the controller can be improved by adopting a suitable control strategy in the future work.  
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